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1 Convergence of Langevin diffusion

In this section, we analyse the convergence rate of Langevin diffusion.

Let f : R? — R be a p-strongly convex function 1. Recall that when ! A differentiable function f is y-strongly
analysing the gradient flow, we calculate d”X‘T_tY’HZ, where X; and Y; come convex if
from the ODE dX; = —Vf(X;)dt and dY; = —Vf(Y;)dt and start from f(y) 2 fF)+(Vf(x), y—x)+g ll2c=yll.

some Xy, Yy € R? respectively.?

% Unless otherwise stated, || - || refers to the
For the Langevin diffusion, let {X;} and {Y;} be two processes generated Euclidean norm in this note.

by

dX; = -Vf(X;)dt + dB; W

dY; = -Vf(Y;) dt + dB;
Assume Y, is drawn from the stationary distribution 7 o« e~f and the distri-
bution of X, can be arbitrary. We use the Wasserstein metric to measure the
distance between the distribution of X; and Y;. For two distributions y and v, let ¢ be

the set of all couplings between y and

We couple X; and Y; with the same Brownian motion. From Equation (1), -
v. The Wasserstein distance Wz (p, v) =

we have 1
d(X; - Y, infer E(x,v)~e [I1IX = YII%] 2.
SEI _ 95 - ).
Consequently,
dE [IIX; - Y] d(X; - ;)
— v o= Y -
dt 2 ( dt 9Xt Yt)
=2E[(Vf(Y;) - Vf(Xp), X: - V)]
(©)
< —2uE [”Xt - Yt||2] ) (2

where (©) follows from

{f(y) — f(x) = HVF(x),y —x) + Elx - ylI2
F(x) = f(y) = +Vf(y).x—y)+Ellx -yl

which is due to the strong convexity of f. Equation (2) indicates the conver-
gence of Langevin diffusion

E[IX; - Yl] < e *E[IX - Yoll?] .

For the discretized Langevin algorithm, we left its analysis in homework.

2 DDPM

Note that the above analysis relies heavily on the strong log-concavity of =
(or equivalently, the strong convexity of f), which does not hold for most
distributions in practice. One recent popular method to sample a general
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distribution 7 is the so-called denoising diffusion probabilistic modeling
(DDPM).

The idea of DDPM is to add Gaussian noise to an initial sample Xy ~ 7
until the distribution is close enough to a Gaussian. Then it starts with a
sample from the Gaussian distribution and executes a reverse process to
generate a sample from the target distribution.

To be specific, in the forward procedure, we run an Ornstein-Uhlenbeck
process (OU process) starting from Xy ~ 7 and get {?t}. Recall that the OU
process follows the stochastic differential equation dX, = =X, dt + V2 dB,.
Therefore we have

)_<t = eitX() + V1 - e_ZtZt

where Z; ~ N(0,1) is a standard Gaussian random variable. Running this
for a time of T, we get a series of random variables {)_( t} and X7 is close to
a Gaussian random variable.

Let g; be the law of X;. In the reversed process, we first sample YT from
a Gaussian distribution and then calculate {Yt} according to the reversed

equation of OU process:

X, = (2 +2V log gr_s (}?t)) dt + V2 dB,. (3)

If law of X, 0 is N(0, 1), then the law of X, o will converge to 7. In the follow-
ing, we will prove that Equation (3) is indeed the reverse of the OU process.

2.1 The Reverse of OU Process

Recall that for a diffusion dX; = p(X;) dt + o(X;) dB;, the generator £
satisfies

LFG) = () - of + 508 (x) - & f @

for any function f. Also,

L) = =0 (u- )+ 38 (0 f). ©)

Recall the Kolmogorov Forward equation 38—1;‘ = L*P;. This is equivalent

to say
Vs <t ap[X, = x|X; =yl = L'p[X, = xIX; = y]. (6)

With fixed y, for any s > 7, let f(x) = 6(y — x) and f;(x) = O.f(x) =

2

p[Xs = y|Xs—r = x]. Then the Kolmogorov backward equation indicates Here we slightly abuse the notation and let
that pXs = y|Xs—r = x] represent the density
of X; at y given X_, = x. Similarly define

Irp[Xs = x|Xs—r =yl = Lp[Xs = x|Xs—r = y], p[X; =x] and p[Xs = y, Xy = x].

or equivalently,

VE <5, -aiplX; = x|X, =yl = Lp[X, = xIX, = y. 7)
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In the following part, we abbreviate p[X; = x5, X; = x;] as p(xs, x;) and
PIXs = x5|1X; = x¢] as p(xs|x;) (here s > t). We have

=0 (x5, x1) = =0 (p(xs]xt) - p(x2))
= —p(xs) - Orp(xs|xt) = p(xs|xs) - Frp(xy). (®)

From Equations (5) and (6),
() = L'p(x,)
=00 (1) pG) + 58, (P ). O
From Equations (4) and (7),
01 (p(slx)) = ~Lp(xilxi)
= () O plx) = 2P plxslr). (10

Plugging Equations (9) and (10) into Equation (8), we have
1
0% = ) (430 0 ) + 30 ), pb) |

o) (3, () - px) = -, (6% - plx)).
)

Note that

P(xs’ xt)) _ axtp(xs»xt) _ P(xs, xt) : axzp(xt)

sl =2 (£ ) = 202 PG

and
e, (x2) - p(e0) = () - 3, (k) + 1k -2, (p ).
Then by direct calculation, we can further write Equation (11) as
~0ip (1) = B (Pt 1) - o)) + 5 p() 02 (x0) - sl
- 2Pl - &, (o) - p(x) (12)
We have
28, () - plxx)) = 322, (02 (x) - plxlx)p(x)

= 2P -, plxsl) + 2plxsben) - 2, (2 (x)p(x)

+ Oy, P (xs|x¢) Oy, (az(xt)p(xt)) .
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Plugging this into Equation (12),

~0ip (e 31) = 0, (P, 1) p(x0) + 5.2, (5 (x) - plxs )
— plln) - 2, (0% (xr)p(xr)) = 3r,p(xs ), (0 (x0)p (1))
= 0, (Pl ) - u(x0)) + 5, (0% (30) - plxs )
— a0, [P, (2 (x)p(x)) |

X5, x¢) - | p(x 1 a?(x)p(x
p(xs, x1) (/1( 1) p(xt)aXt( (x)p( t)))]

- %aazct (Uz(xt) 'P(x5>xt)) + 0x,

Since p(xs, x;) = p(x;|x5)p(xs), we have

1
2

2 (02(x1) - plxelxy))+x, |plxelxs) - (u(xt) - Iﬁa (az(xap(xt)))} .

—0rp(xt|xs) =
In the OU process, we have j(x;) = —x; and o(x;) = V2. Therefore,

=0 (xtlxs) = aazc,p(xt|xs) + 0y,

2
P (xe|xs) - (_xt - max,P(xt))]
= afctp(xt|xs) +0x, |p(xelxs) - (—x¢ — 20y, log p(x1)) ] -

Let r = T — t. Note that p(x;|xr) is exactly the density of X > which
is generated by the reversed OU process. From the Kolmogorov forward

equation, the reversed process { Yt} satisfies
X, = (? +2Vlog gr-» (?)) dt + V2 dB.,
where gr_, is the law of X7_,.

2.2 Score Matching

To execute the reversed process, one of the most challenging problem is
to estimate the score function Vlog g; (x). Let ¥ be a family of candidate
functions, for example, the functions can be represented by neural net-
works. Our goal is to find

arg min Exq, [11S¢(x) = Vlog g, (x) II] .

In this subsection, we introduce the idea of score matching.
Since V log g; (x) is independent with S,

arg min By, [I5,(x) = Vlogq: (x) || = arg min Ev, IS, (11" = 2(5,(x), V1og g: ()]

Let y(-) be the density of the standard Gaussian distribution. We then

show that estimating V log g, (x) is equivalent to find an S; minimizing

Ex~q, [ St(x) - ‘/1_227_“

The proof is similar in high-dimension space.

2
]. We give a proof for the one dimensional case.
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Lemma 1.

Z

Stx——
R

|

arg min E,.q, [1IS:(x) = Viogg: (x) |I*] = arg min E,q,
Proof. From direct calculation,

Esx—g, [(S:(x), V1ogg; (x))] = /Rsz(X) (logg: (x))" q:(x) dx

®_ / q:(x)S) (x)dt
R

= —/ / S; (e_txo +V1- e‘“zt) qo(x0)y(z¢) dxo dz;
R JR

*) 1 _
@ —ﬁ /Rqo(xo)‘/RS, (e 'xo + V1 — e‘”zt) Y(z:) - z; dxo dz;
— e_

Zy
=t |50 )|

where (#) and (#) is derived through integrating by parts. Therefore,

. . Z
arg i sy, [15106) = ¥og g (0 1] = arg min B, 15,001~ 2 (5,00, \/l?ﬂ

. Zt 2
— arggér%Equt Si(x) — ﬁ l .

]
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